
Math 565: Functional Analysis
Lecture 15

Uniform boundedness principle (Barach-Steinhaus theorem)
.

Let X
,
" be wormed recher spaces.

let T = BIX
,
Y := bed linear maps .

(n) It sup11+x1/ & for noumeagre many xEX (i . e . ExeX:PIT is noumeage,a
ToT

thenPlT

(b) If X is Banach andEx & for all xeX
, thenlik

Proof
.

(b) is an instance of las
,
so we only prove (a)

. Let D := (eX : Styl <* ] =VDn,
Where Dri= (x(X : <PITX/13 = 1 (xeX : I/Txlu) is closed

. By the hypothesis, N is
TEY TEY

nonmeague , hence JuEIN with Du being somewhere dense
,
so int(a) + 0 Less On is closed.

Here - Bakol ? On to core 30
,
XoEDu

,
so FTEY ExEBu10)

,
we have:

1) Tx(l = 11 Txoll + 11 TNo-X (l) = n + n = 2u
,

which implies Met VTET
,

11 + 11 2/2·

Remark
.

The technique of localizinghe some welN
,
as in his proof, also in the poof the open

mopping threw ,
is called localization in the context of Baine spaces .

Before stating an interesting corollary , reall bat for wormed rector spaces X, Y, if Vis Banach

then BIX
,
4) is also Banach

,
ie

.

it is "closed" in morm topology .
It also makes sense

to consider the pointwise convergence hopology on BIX, Y1 , i. e . just the producthopology on

B(X
, Y & YX . When is BIX

, Y) closed under pointwine convergence , i. e . BI, 1 = YX is closed ?

Gr
, let X

,
Y be termed rector

spaces.
If X is Banach

,

ten BIX
,
4) is closed under pointwise

convergence , i . e . if ITa)
= BIX

, Y) much for each xtX
,
Tx : = him Tax exists

.
then

n ->

To B(X
,
Y) .



Proof
. The linearity of T is just bease limits are linear

.

For boldness of t
,

note that

↓each xEX
,

the set 21/TuXII we is bod become (IITux11) converges to lITx11
and corerject sequences are bold . By the uniform badness principle , EllTalline is

Gdd and IITICSPIITull bear ExEX, llTxl = h IluxlpTul . ll

Topological rector spaces .

Definitions and examples.

Normed racher spaces are wise but there are important examples of rector spaces equipped
with natural topologies which are not generated by a worm.

Examples. (a) LexIIR", X) ; () ((X) where X is lcH
,
with the uniform-on-compart Apology;1)20(,M):= all

momeasurable functions mod unull for a probability space (,Mild) the space (
* (20

,
1) of infinites

differentiable functions on [O , D.

Def . A topological rector space over IK := IR
,
& is a rector

space
X over 1 equipped with

a dopology making addition (x,3)#x + y : XxX-X and scalar multiplication
(G
,
x) Itdx : 1xX -> X continuous (in particular, inversion x15-X : X-sX is continuous)

.

Such a space
X is called locally convex if its topology admite a basic consisting

of convex sets
.

Most natural topologies on rector spaces are generated by a family Spiries ofRic
the balls of these semi-norms : Biol :=4xEX : P(xo-x] < r) , ic I and re0.worms

,
i
. e . by

Prop , let X be a rector space and SPiSicI be a family of semi-norms on X gene-

rating a topology on
X.



(a) This hopology makes X into a locally convex top . ractor space.

(6) For each xotX , the Finite intersections of Bisnlxo)
,

itF
,
neSNt
,
form a ughbld basic at Xo.

In particular , if I is util Mem X is It etbl
,
in fact

,
metrizable ·

xi+X(= pi(X-x -) + 0 Vie I .() For any sequence /move generally , meth (xa) = X,
(d) X is Hanschorff < => for each OXEX FiEI with P;(x) +0.

Proof
. (a) Follows from triangle inequality for semi-morms

16) This is just a general straightforward fact from topology that if a collection 2 of
open sets

genetes the topology then finite intersections of sele in I form a basis for the hopology.
The metrizability is left as a HW exercise.

1 =) . This is by the definition of Xn-X using pi-balls at x as

open weighbourhoods.
E .

4t HEX be open ,
and by (a) , UzB(x) for come KEN

, ijEI , rjc0 . For each jak,

Pij(x-xa) -> 0 implies F XnB(x) .
Since RC&

,
Vick=> Er

*

Vick , so V& Vjsu

XnEB(x) ,
here XueB

(d) E. If x + y ,
X- y + 0 , so J= Pix-y)c0 for some iEI. Then Brs() and Bosels)

a re disjoint open neighborhoods of x and y , respo
=> let X + 0

,
so Hausdhoffness in particular gives an open UsO

with XAU
. By 1),

U21Bd so BdX for at least o j , i p

Examples,
(a) LeoLIR"

,
X : = the space of locally lebesque integrable functions , i. e. X-measureable

functions f : /Ra + & sit
. IflBul1 <& for all balls Bu ut O of radius WEIN,

where two functions are identified if tes are = a
. e.

The natural top on this space is generated by the seminons

P(f) := 11 flBulla . neIN ,
(

In particular , LeoIR" , x) in locally convex mefrizable top . Vec space.

This can be generalized to locally finite Bonel messnes on any top space X,

i . e . a Boel measure Mon
X s .

t
.

X admits a cover by open sele of white measure.



1) let (
,M) be a prob space

and let LX,M) demote the space of moreasurable
functious fix-D mod wall

.
Recall that a requence Ifuld ((X,) converges to

- LoX, m) in measure if F & >O
,
Palf-ful : = M(hxeX : If-f(x)kd3) +> O as ne .

Thus
,
the topology of this motion of convergence is the one generated by the "quasi-semi-

-norms" Pyf := M(qxeX : /F(xKd)) for all da0; equivalently all do0 rational .

These p are not semi-norms : Pellt1) = 140 = Pe(1) + p/ 1) , but they satisfy a

"quasi-triangle inequality" : Pats (f + g) = p(f) + p(g) fr all 2,10 and figt((X,M.

Itfllows from this inequality Not these Pr make X into a topological recher space.

This space is Hausdooff : if +O mod wall
,

then FuelN + 1
.

1
. Lifk. Yn] has positive

measure
,
so pylh0 . It is also Itthl since a can range over Qt . In fact,

(IX
,M) is metrizable by the metric dif

,y) :=inf(u)Prlf-gi) + d) , see HW5Q
of Math 564

,
Fall 2025.


